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Abstract 



We show that any general semilinear elliptic problem with Dirichlet or Neumann 
boundary conditions in an annulus A C ]R^"^,m > 2, invariant by the action of a 
certain symmetry group can be reduced to a nonhomogenous similar problem in an 
annulus D C JR™^^, invariant by another related symmetry. We apply this result to 
prove the existence of positive and sign changing solutions of a singularly perturbed 
elliptic problem in A which concentrate on one or two (m — 1) dimensional spheres. We 
also prove that the Morse indices of these solutions tend to infinity as the parameter of 
concentration tends to infinity. 
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1 Introduction 



In this paper we propose a method to reduce a semilinear elliptic problem of the type : 

-An = f{u) in ^ C JR2m 



du 

or — = on dA 

Oh' 

where A is an annulus in IR^"^, m > 2, 

A = {xe iR^™ : a < |x| < 6, < a < 6} 
and / is a C^'" nonlinearity, to the semilinear elliptic problem: 

f{v) 



(1.1) 



-Av 



V = or 



2\z\ 
ov 

dv 



m 



DC M 



m+l 



X2) 



on dD 
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where z G and D is the annulus 

As will be clear from the construction, there will be a one to one correspondence between 
solutions of (1.1) invariant under the action of a symmetry group in }i}^[^A) or R^i^A) and 
solutions of (1.2) invariant under another symmetry in Hq{D) or H^{D). 

More precisely, writing x G M^"^ as x = {y 1,112), Hi G lR"^,i = 1,2. we consider 
solutions u of (1.1) which are radially symmetric in yi and y2 i.e u{x) = w{\yi\, \y2\) and 

solutions V of (1.2) which are axially symmetric i.e. v{z) = h{\z\, 93) with (/? = arccos • pj 

for a unit vector p S JR™"*"^. 

Since the domains are annuli, by standard regularity theory all solutions we consider 
are classical C^'"- solutions. We set: 

X = {^x G C72'°(A) : u{x) = w{\yi\,\y2\)} 
y = |t) £ C'^'°'(D) : V axially symmetric } 



Our result is the following : 

THEOREM 1.1. There is a bijective correspondence between solutions of (1.1) in X and 
solutions of (1.2) inY. 

The map which gives the bijection to prove Theorem 1.1 will be defined in Section 3 
after choosing suitable coordinates in M^™' and M"^^^. 

The possibility of reducing a problem in dimension 2m to a problem in the lower 
dimension (m + 1) is of great importance in the study of semilinear elliptic equations. As 
example one can think of the case of power nonlinearities when critical or supercritical 
problems in iR^™ ga,n become subcritical in 1R"^~^^. Moreover solutions concentrating on 
sets of a certain dimension in M"^^^ (e.g. points) can give rise to solutions concentrating 
on higher dimensional manifolds on M^"^. 

Indeed, the inspiration for our method came from the paper [I4j where a reduction 
method was introduced to pass from a singularly perturbed problem in an annnulus in if?^ to 
a singularly perturbed problem in an annulus in which allowed to prove the existence of 
solutions concentrating on S'^-orbits in M'^. Their construction is related to Hopf fibrations 
and an extension to other dimensions seems to be possible only in dimension 8 and 16 (see 
also [U). 

Our reduction works in all even dimensions, and in M'^ allows to get the same result 
as in [14J. 

The new idea (compared to [14J) is to impose more symmetry on both problems and 
the key point is to identify symmetric solutions of (1.1) with axially symmetric solutions of 
(1.2), once the reduction has been made. In [13] the reduced problem in M"^ did not have 
any particular symmetry. 
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Of course, this means that our method can be appUed to "Uft" solutions from D C 
1R^~^^ to A C when we know that the solutions in D are axially symmetric. However, 
by the results of yL2j and [I3J (see also [8j) this is true for every solution of (1.2) with Morse 
index less than on equal to (m + 1) if / or are convex. Actually in these papers only the 
Dirichlet problem is considered, but it is easy to see, arguing as in [9], that the symmetry 
results extend also to the Neumann problem. In particular the solutions in the annulus in 
considered in |14] which are least energy positive solutions are axially symmetric. This 
is why our result applies to the case of [2]. As application of our reduction method we 
focus as in |14] . on the following Dirichlet problem which was , indeed, the initial motivation 
for our result: 

—Au + An = |n|^~^u in A , , 

u = ondA ^ 

where A > and p > 1. 

Note that (1.3) is equivalent to the singularly perturbed problem 

-e'^Au + u=\u\P~^u in A , , 

u = ondA ^ ' 

and to study (1.3) as A — )• oo is equivalent to studying (1.4) as e — t- 0. By applying Theorem 
1.1. we reduce problem (1.3) to (1.2) with 

f{v) = \v\P-\ - Xv (1.5) 

If we take p < |^]|]^|^^ , i.e p subcritical in dimension (m+1), then the inhomogeneous 

problem (1.2), with / given by (1.5), can be studied as in [H] adapting the methods of [TO] . 
[S] to produce least energy single peak positive solutions vx which concentrated on the inner 
boundary of as A — )• oo. Also, by adapting the method of [TT] we show the existence of 
least energy two peaks nodal solutions v\ of (1.2) which again concentrate on the inner 
boundary as A — )• +oo. 



Since these solutions have Morse index 1 and 2 respectively, by the results of [12] and 
[13| (see also [2]) we deduce that they are foliated Schwarz symmetric, so, in particular , 
they are axially symmetric. 

Then we can transform these solutions getting families of positive solutions of (1.3) 
concentrating on a (m — 1) dimensional - sphere and families of sign changing solutions of 
(1.3) concentrating on two (m — 1)- dimensional spheres. So, denoting by {dA)a = {x £ 
dA, \x\ = a}, we have 

THEOREM 1.2. Let 1 < p < . Then there exists a family {u\} of positive solutions 

of (1.3) concentrating on a {m — 1)— dimensional sphere T C {dA)a and a family {u\} of 
sign changing solutions of (1.3) such that the positive part {u^} and the negative part {u^} 
concentrate on {m — 1) dimensional spheres C {dA)a and T^ C {dA)a, respectively, as 
A — > +00. 

Let us remark that the exponent p G ( 1, t—ttt^ ) can be critical or supercritical for 



(m+l)-2 

problem (1.3) in JR^m. 
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REMARK 1.1. As it is dear from the construction these solutions have an 0{m) x 0(m) 
symmetry. 

As far as we know the result of Theorem 1.2 is the first result for singularly perturbed 
Dirichlet problems about sign changing solutions concentrating on manifolds of dimension 
larger than or equal to 1. It is also a new result for positive solutions since the only previous 
ones concern concentration on (2m — 1) dimensional spheres (p], [6j) or on 1-dimensional 
spheres in iR^(|14j). 

Another interesting question connected with the concentration phenomena is the 
asymptotic behaviour of the Morse index of the solutions when A — t- +oo. For the least 
energy positive or sign changing solutions concentrating in one or two points the Morse 
index is obviously independent of A and is 1 or 2. When the concentration takes place on 
a (2m — l)-dimensions sphere, which is the case of radial solutions, then it is easy to see 
that the Morse index tend to infinity, as A — )• +oo. Indeed in this case the spectrum of the 
linearized operator can be split into a "radial" part and an "angular" part. For solutions 
concentrating on lower dimensional spheres, as in our case, a decomposition of the spectrum 
does not seem immediate. However we are able to show: 

THEOREM 1.3. The Morse indices m{ux) and m{ux) of the solutions constructed in The- 
orems 1.2 tend to infinity as X ^ +oo. 

To prove Theorem 1.3. we test the quadratic form associated to the linearized operator 
at ux and ux by some functions obtained using eigenfunctions of the Laplace -Beltrami 
operator on S^~^. Moreover we exploit that the first eigenvalue of the linearised operator 
at these solutions tends to — oo as A — >• oo. 

The result of Theorem 1.3 shows that the concentrating solutions we find become 
more and more unstable as A — )• oo. This indicates that many local bifurcations should 
occur. However, since we do not know if that the families {ma} or {ux} give a curve in X, 
we cannot prove it rigorously. Note that if we knew that the least energy solutions (positive 
or nodal) in D were unique (up to symmetry) then this would be true. 

Finally we believe that this reduction method can be used to get different kind of 
results for other semilinear elliptic problems (as for example in j4j). Moreover it should 
be possible to generalize this approach to reduce problems in to problem in M^, for 
suitable h < k exploiting other symmetries. 

The paper is organized as follows. In Section 2 we recall some results on symmetry 
of solutions of general semilinear elliptic equations . In Section 3 we introduce suitable 
coordinates and symmetries and prove Theorem 1.1. In Section 4 we show the concentration 
of the least energy solutions of problem (1.2). Finally in Section 5 we prove Theorem 1.2 
and Theorem 1.3. 
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2 Axial Symmetry of solutions of semilinear elliptic equa- 
tions. 



Let us consider a general semilinear elliptic problem of the type: 

C —Av = f{\z\,v) in B 



dv 

V = OT — = on oB 
ov 



(2.1) 



where B is either an annulus or a ball centered at the origin of ,N >2,ze M^, and 
/ : i? X — 7- is (locally ) a C^'"-function . We give the following definitions: 

DEFINITION 2.1. We say that a function v S C{B) is axially symmetric if there is a unit 
vector p £ IR^ , \p\ = 1 such that v{x) only depends on p = \z\ and tp = arccos (^-^-pj ■ 

DEFINITION 2.2. If an axially symmetric function is also non increasing in the polar angle 
then it is called foliated Schwarz symmetric. 

REMARK 2.1. Let us write z G JR^ as z = (zi, . . . z^) and consider the spherical coordinates 
{p,ipi,(p2, . . . ipN~i),(Pi G [0,7r],i = 1, . . . iV - 2, ipN-i G [0,2it],p = \z\, then 



z\ = psm.Lpi . . . sm(/?Ar_i 

Z2 = psimpi . . . sin(^7v-2 cos (fN-i 



(2.2) 



zat-i = psm ipi cos ip2 

I ZN = yOCOS(^i 



Then if v is a axially symmetric function, without loss of generality, we can think that 
the vector p is p = (0,0, .. . 1) i.e. the symmetry axis is the Zn-axis and therefore v depends 
only on p and ipi. 

REMARK 2.2. If v is an axially symmetric function belonging to C'^'"{B) then the Laplace 
operator, using the above coordinates and the fact that v = v{p,Lpi), reduces to 

N-l N-2cos(pi 1 , , 

A^jvf = Vpp H Vp H 5 : v^^ + ^%i<^i (2.3) 

P P^ SVULpi p'^ 

Some sufficient conditions on the nonlinearity and on a solution v of (2.1) for the 
foliated Schwarz symmetry have been obtained in [12], [13] (see also [8j) for the Dirichlet 
problem and they extend easily to the Neumann problem (see [9]). 

We recall them here: 

THEOREM 2.1. Let f{\z\,s) be either convex in the s-variable or with a convex first deriva- 
tive /'(|2:|,,s) = ^(|2;|,s), for every z £ B. Then any classical solution of (2.1) with Morse 
index j < N is foliated Schwarz symmetric. 
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We recall that the Morse index of a solution v of (2.1) is the number of the negative 
eigenvalues of the linearized operator at the solution = —A — f'[\z\,v) with the same 
boundary condition on dB. 

For least energy nodal solutions of (2.1) it is also useful to recall a similar result 
obtained in [2]. 

THEOREM 2.2. If f{\z\,s) is subcritical i.e 3p e (2, ^) ,ifN>3,pe (2, 00), if N < 2 
and C > such that 

f{\z\,s)<C{\s\ + \sr') 

f(\z\ s) — 4- 

and if the function s — )• ^ |^ | ' ' is strictly increasing on Ft and M for all zeB, then the 
least energy nodal solution of (2.1) is foliated Schwarz symmetric. 



3 Reduction and proof of Theorem 1.1. 



Let us consider iR^™, m > 2, as the product of two copies of JR™, i.e iR^'" = iR™ x iR™ and 
denote a point x € iR^"^ by x = (yi, 1/2), G JR™, « = 1, 2. 

Taking in each iR™ the spherical coordinates 

{pi,6l, ... , 6*^-1)' iP2,0l, ... , 6'm_i) 

pi = |yi|, p2 = \y2\, e\£[o,2TT], 

61* G [0,7r] for i = 1,2, j = 2, ...,m-l. 
(see Remark 2.1) and observing that 



Pi = r cos y, P2 = r sm ( 

j2m 



kl, [0,-] 



we have that a point x ^ M ^ can be represented by the coordinates 

X = {r,6l,. . . 6l^_i,9f, . . . 6li_i, 6) 

Then if we consider the annulus A C IR^^ , 

A = {x & IR^'^^a <\x\ <b}, 0<a<6} 
a function u G C'^'"{A) which is invariant under rotations in yi and y2, ie. 

n G X = {n G C^^^{A) : u{x = w{\yi, I2/2I)} 
in the above coordinates will depend only on r and 0, ie. u = u{r, 9) 



(3.1) 



(3.2) 



Therefore for such functions the Laplace operator in iR^™, written in the above coor- 
dinates, reduces to 



(2m - 1) (m - 1) 

Urr H Ur H k Uq 



COS 9 sin 9 



smf 



cos ( 



+ 
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Now we are ready to prove Theorem 1.1. 

Proof of Theorem 1.1 Let u be a solution of (1.1) in X and define the new variables: 

P=lr\ if = 29 (3.3) 

and the function 

v{p, ip) = u{r{p), e{ip)) = u{^p, |) (3.4) 
By easy computations we have 

Ur = Vp^plp, Urr = 2pVpp + Vp 

U0 = 2v^, uee = iv^^ 
Therefore , by (3.2) and (1.1) we get that v satisfies 

= /(^)> ( y> 2" ) ^V'e [0,7r] 

Thus, by Remark 2.2 (with N = m + l,(pi = (p, B = D) the function v{p, if) is an axially 
symmetric solution of (1.2) in D C iR™"^^, i.e belongs to Y. On the other hand starting, 
with an axially symmetric solution v = v{p,if) of (1.2) and defining u{r,9) = v{p{r),9{ip)) 
with the same change of variables we get that u e X and is a solution of (1.1) invariant by 
rotation in yi and y2- Hence the theorem holds. □ 

REMARK 3.1. To understand better the transformation (3.3) let us consider in the 
group action: 

T{x) =T{yi,y2) = {Ti{yi),T2{y2)), TieO{m), i = 2. 

It is easy to see thai this action does not have fixed points in the annulus A. Moreover the 
orbit of a point Q = (51,^2) € A,qi £ iR™, q2 G iR"" is either S"^'^ x S"^'^ if |%| ^ 0,i = 
1,2, or just S"^~^ if one among \qi\ or \q2\ is zero. 

Analogously we could consider in IR^'^^ = IRJ^ x IR the group action: 

t{z) = t{zi, ... , Z„i, Zrn+l) = {ti{zi, . . . Zm),Zm+l), Ti G (0(m)). 

In this case all points of the Zm+i axis are fixed by this action. Therefore by the change of 
variables (3.3) used in the proof of Theorem 1.1 it is easy to understand that any point P 
on the Zm+i axis in D C 1R"^~^^, i.e any fixed point under rotations about the Zm+i axis in 
the annulus D C IR™'~^^ is mapped into an S"^~^ orbit in A C IR^^. Indeed P has spherical 
coordinates in IBJ^'^^ equal to 

P = {p,0,0,ip), with p = \zm+i\, ip = Qorip = 'K. 

and hence corresponds in IR^"^ to points Q with 6 coordinate equal to or f . Therefore, 
taking in each IR^ the spherical coordinates (see the beginning of this section) 

{pi,6l, ^m_i), {p2, 6*1, • • • , 

either pi or p2 (but never both!) will be zero. 



-2p 



+ 



mvr. 



+ 



(m — 1) cos if 



simp 



+ 
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4 Concentrating Solutions 



In this section we consider the problem 



^ " IP-i., - Xv] in D 



2|z| ' J (4.1) 

i; = on 

where D = {z £ lR^,Ri < \z\ < R2} < < R'^, Kp < iV > 3,A > 0. By 

known results we have 

PROPOSITION 4.1. For every A > problem (4-1) has a positive solution vx and a sign 
changing solution v\ such that 
i) v\ minimize the functional 



Jx{u) 



D 



.2 4|z| 2(p+l)|z|' ' 



(4.2) 



on the Nehari manifold, in Hq{D), 

Nx = {vG Hl{D) : / 0, {J'x{v),v) = 0} (4.3) 

(ii) V minimize J\{v) in Hq{D) on the nodal Nehari set 

N+ = {ve Hl{D) -.v^^O, {J[,v^,v^) = 0} (4.4) 
where v'^ denotes either the positive or the negative part of v. 

(Hi) Vx has Morse index 1 while vx has Morse index 2 and only two nodal regions, 
(iv) Vx and vx are foliated Schwarz symmetric. 

Proof Since p < ^ (i) is a standard result in critical point theory. The existence of vx 
satisfying (ii) is proved in [3] and [2]. The Morse index claim (iii) is again classical for vx 
and proved in [2j for vx where it is also proved that vx has only two nodal regions. Finally 
the foliated Schwarz symmetry of vx and vx is a consequence of (iii) and Theorem 2.1 and 
Theorem 2.2. □ 

We are interested in the asymptotic behaviour of vx and as A — >• +00. For the 
positive solution vx we have 

THEOREM 4.1. For A sufficientlly large : 

(i) Vx has only one local maximum point Px & D and \/^d{Px,dD) — )• +00 as A — t- 00, 
where d{-,p,dD) denotes the distance from dD. 

(ii) Px belongs to the symmetry axis ofvx, 

Px^ P e{z £ dD, \z\ = Ri} and vx^O in C^^iD \ {P}), as X ^ +00. 
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Proof. The result (i) is proved in |14) . adapting a theorem of |10j . The location of Pa on 
the symmetry axis is a consequence of the foliated Schwarz symmetry since it implies that 
all critical points of v\ are on the symmetry axis. Finally the convergence of Px to a point 
on the inner boundary and the concentration of v\ in P have been proved in [14j again 
following the proof of [lOJ and [5] . □ 

To study the asymptotic behaviour of the least energy nodal solution vx of (4.1), as 
A — 7- oo we adapt the proofs of [llj where the asymptotic behaviour of the least energy 
nodal solution is studied for the autonomous singularly perturbed problem 

\ v = on d^l. ^ 

in a smooth bounded domain Q. We also use the modifications of the proofs of [TO] and [5] 
made in |14j . 

To start with, let us assume, without loss of generality, that the symmetry axis of vx is 
the x^r-axis. Then, as a consequence of the foliated Schwarz symmetry of vx we have that all 
critical points belong to the XN-axis and, by the monotonicity with respect to the polar angle 
(see Definition 2.2) all local maximum points P^ are on the set {x = (xi, . . . , xjv) G D, x^r > 
0} while all local minimum points belong to the set {x = {xi, . . . ,xn) & D,xn < 0}. This 
implies that — > 2Ri for all such points so that they cannot converge to the same 
point as A — )• +oo. We can prove 

THEOREM 4.2. (i) For A sufficiently large vx has only one positive local maximum point P^ 

and only one negative local minimum point P^ . Moreover \f\d{P^ ,dD) — ?■ oo as A — ?■ oo, 
as before d{.,dD) denotes the distance from dD. 

(a) Let P^ and P~ be the limit points of P^ and P^ respectively as A — )• oo. Then 
vx^OtnCUD\{P+,p-}) 

(Hi) P~^ and P^ belong to set {z G dD, \ z\ = -Ri} 

Proof. The first part of assertion i) is similar to the proof of Lemma 3.3 in [llj which in 

turn, uses the same argument of [TO] . The fact that ^f\d{P^ ,dD) — +oo as A — >• +oo can 
be deduced as in (Proposition 4 there) by using a "boundary straightening" , a rescaling 
argument and the fact that limit problem 

' -An + ^ - 21^ = in J7 
< -a > 

u = on (90 

V 

does not have solutions if Q. is the half-space, by Theorem 1.1 of [7]. □ 

To prove ii) we use the modification of Proposition 3.4 of [lOj derived in [14] and apply 
it to the positive part and to the negative part v7 . This is based on the comparison with 
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the known radial solution Wd of the problem. 

I 2d 2d 

w{x) — )• as |x| — )• oo 

where d is either |P+| or \P~\. Thus, defining w^iy) = v\ (^P^ + -^=^ we get, as in Propo- 
sition 3.4 of 



For any 5g(0,1) 3 C > such that 

VT=S 

(y) < Ce «2 \y\ 

for y G = {y G iR^ : P± + ^ € i?} 

Then, as in [10] we get the assertion ii) - To conclude we prove that the limit points 
and P~ belong to the inner boundary of D = {z £ dD, \ z\ = Ri} i.e claim iii). 

To do this, we simplify also the proof of [14j for the least energy positive solution 
exploiting the fact that our domain is an annulus centred at the origin. Let us observe that 
the energy functional (4.2) on the solution vx can be written as 

Jxivx) = Ja(^a ) + '^a(^a) 

Then by rescaling v'^ about P^ in the usual way we obtain, as in [llj and arguing as in 
[To] , that 

Ja('Ua) = Id±{wd±) + o(l) as A oo 
where 1x1^+ and w^- are the positive solutions of 



w(x) — )• as Ixl — )• 00 



(4.7) 



with d = = \ P^ \ or d = d = \P \ and P^ — )• P"^ , — > P respectively, and 

If 1 f 1 1 f 1 

h±{'Wd±) = 2 J \^'^d±\dx + ^ J 2^^d±\^dx-— J j^\wd±\^'^^dx 

iR^ 

As observed in |14] we have 

Id±(.Wd±) = V2^I{z) (4., 
where z is the solution of the equation 

-Az + z- zP = on M'^ 



since t(;(i±(|x|) = ^- 



'2d± y ■ 
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Prom (4.8) it is easy to understand that in order to reduce the energy the points 
should converge to points in the annulus which have the smallest distance from the 
origin. These are in fact the points on the inner boundary. 

To prove it rigorously assume that one of the two points {P^}, say P^ converge to 
a point P"*" G D with |P+| = Ri + a for some a > 0. Then we could consider the ball 
B{Q, a/3) with center in Q = (0, . . . , 0, i?i + ^) and define the function 

/i|(x) = (p{x)wd„{{x - Q)VX) for X e D. 

where is the solution of (4.6) with d = da = Ri + ^ and (p is a suitable cut off function 
such that /i^ G Cq{B(Q, a/3)). Hence h'j^{x) is just the solution of (4.6) (for {da = -Ri + §) 
suitably translated rescaled and cut to be defined in D. Then 

Jx{h+) ^ IdAwdJ = V2dal{z) < V2d^I{z) (4.9) 
as A ^ DO, by the choice of da- Then we consider the function 

where i/jx is a suitable cut off function such that /i^ and /i^ have disjoint supports. Note 
that this can be always done since | P^ — P^^ \ > 2Ri as pointed out before . 

Finally, we can have that the function 

h\{x) = h+{x) - h-^{x) 

belong to the nodal Nehari set (4.3). Then we get 

J\{hx) IdS^dc,) + Id-{wd-) < Id+ + {Wd+) + Id-{wd-) as A ^ DO 

by comparison with (4.8) and (4.9). For A large this contradicts the fact that v\ is 
the least energy nodal solution as stated in Proposition 4.1. Hence (iii) is proved. □ 



5 Proofs of Theorem 1.2 and Theorem 1.3 



We start with the proof of Theorem 1.2 which, at this stage, is a direct consequence of the 
results of the previous sections. 

Proof of Theorem 1.2 Let 1 < p < and consider problem (4.1) with such 

exponents p in the annulus D C 1R^~^^, {i.e N = m + 1, in Section 4) with radii Ri = 

2 l2 

\,R2 = Proposition 4.1 there exist two families of solutions :{v\} and {vx} which 

are foliated Schwarz symmetric, hence, in particular, they are axially symmetric and so 
belong to the space Y. 

Thus Theorem 1.1 applies and we get families of solutions {ux} and {ux} in X for 
problem (1.3). Finally, by Theorem 4.2 and Theorem 4.3, we have that vx concentrates in 
a point Pa while vx concentrate in two points P^ and P^ . All these points belong to the 
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symmetry axis, which is the Zm+i axis and converge to points P, P+ and P~ lying on the 
inner boundary of D. Therefore by the transportation map (3.3) and Remark 3.1 we get 
that Ux and ux have the claimed concentration properties. □. 

Next we prove that the Morse indices m{ux) of ux and m{ux) of ux tend to infinity 
as A — >■ +00. To this aim let us set 



and 



Lu^ = -A + XI-pul-^I (5.1) 

Lu, = -A + XI-p\uxr^I (5.2) 
the linearised operators at ux and ux and define the associated quadratic forms: 

Q„^(^) = J iV^jfdx + xj liPl'^dx -pj ul'^i^'^dx (5.3) 



for if) G Hq{A) and Quxii') defined analogously. 

Let us denote by jij = fij{X) (respectively, jlj = fij{X)) the eigenvalues of L^^ (resp. 
La J in H^iA),j G iV. We have 

LEMMA 5.1. The eigenvalues /xi,/xi,/X2 tend to —00 as A — >■ 00. 

Proof. Let us show it for /xi. We evaluate the quadratic form (5.3) on ux itself. By the 
equation (1.3). We have 



Qu,M = {l-p) J i\Vux)\^ + \\ux\^)dx 



Hence 



Qxjux) 
J \ux\'^dx 

A 



(l-p) 



J\Vux\^dx 

A 

J \ux\^dx 

A 



+ A 



< (1 — p)\ —00 as A ^ +00. 



The same holds for jli, i = 1,2, using u'^ and as test functions to evaluate the quadratic 
form . □ 



To show the asymptotic behavior of the Morse index of our solutions we construct a 
sequence {^k} of L^-orthogonal functions, on which the quadratic form (5.3) is negative for 
A large. 

We need some preliminary notations and remarks. As in Section 3 a point x G IR^"^ = 
j^m^j^m represented by x = (yi, 2/2), 2/i G ^ = 1, 2. Then yi = (pi, cti), y2 = ip2, (^2) 
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with /9j = \yi\, ai G S"^ ^ C lR"^{yi), i = 1,2 and pi = rcosO, p2 = rsin^, r = \x\, 
[0, |]. Thus we can represent x G M^"^ by 

X = (r, (71,(72, 6*) ■ 

Then the Laplace operator in M^"^ can be expanded as: 



(2m - 1) (m - 1) 
A^2mll = Urr-\ Ur-\ 5 Ug 



2 cos 261 



r"' cos^ U ° sm 



sin 26* 

(5.4) 

where A^'„_i,i = 1,2 is the Laplace-Beltrami operator on in the (7j -variable. Since 

the solutions u\ and u\ arc radially symmetric in yi and 1/2-) ie- belong to the space X 
(see 3.2) the linearized operators are invariant under the same symmetry. Denoting by 
91 = 9ii^) (resp. gi = 51(A)) the first L^- normalized eigenfunction of (resp Lu,^) in 
H^{A) easily have 

LEMMA 5.2. The eigenf unctions g\ and gi belong to Hq{A) n X i.e depend only on {r,9). 

Proof. Since ux and Ux belong to X then and L^^ are invariant by the same symmetry. 
Therefore the symmetry of gi and gi derives by the uniqueness of the first eigenfunction (up 
to normalization). Indeed the first eigenfunction of L^^ and Ly,^ in Hq{A) and Hq{A) Pi X 
must be the same. □ 

Let us observe that, since gi depends only on (r, 9) it satisfies the problem 

f -{9l)rr-'-^i9l)r-^{9l)e ^ - ^ + A^l - puf V = ^1 

\ 51 = ondA 

The analogous statement holds for gi. Then let V'fe be the A;-th eigenfunction of — A^m-i 
corresponding to the eigenvalue Uk = k{k + m — 2),m > 2,k > 1. We have 

LEMMA 5.3. Define for any k>l 

^'^ = 51 (r, 9) [cos^ 9M^i) + sin^ 9M'^2)] (5.6) 

Then, for any k > 1, 

Quxi^'') < 0, foi" A sufficiently large. 

Proof. Note that, by Lemma 5.2, only 51 depends on r while only depends on ai or a2- 
Hence, the relevant terms in evaluating the quadratic form come only from the 9 derivatives. 
Then by (5.4), (5.5), since V'fc(<^i)) V'fc('72) are eigenfunctions of — A^m-i corresponding to 
the same eigenvalue we obtain 

Lu,^'' = fii^'' + ^giM<^i) + '^giM<^2) - ^^^^5i2cos2e[Vfe(a2) - M^^i)] 
2 

+ iidi )e sin 29 + 51 cos 29] [V'fc ((72) - Vfc (o"i )] 
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Using that gi , i/'fc can be taken as L^-normalized and that ■0fc has mean value zero on S"^ ^ , 
i.e 

J 9l = ^ J IV'iti' = 1 and J i^k = 
and multiplying by and integrating we get: 

A A 

-2(m - 1) y" cos26'[V'jt(cr2) - 'ipkicri)][cos'^ ^fe(cri) + sin^ 9 V'fc(cr2)]dx 
A 

J ~2^9i)d -91 sin20[V'fc(o-2) - i/jk{cri)][cos^ 9 ^fe(cri) +sin^^ Vfe(o"2)]da; 
y" ^(5'i)^cos26'[(V'fc(cT2) - V'fc(<7i)][cos^6' Vfe(o"i) +sin^0 Vfc(o"2)]cia; 



+ 



+ 

A 

For the first term we have, by the previous remarks, 



J l^'^p = J gllcos-^ 9 + sin^ e]>6>0 



where 5 = min {sin'^9 + cos^ 9) > Then, taking into account that 2(gi)g ■ gi = {gDe, we 

[0,7r/2] 

finally get 

Qu^i^^) < l^iS + Ck j \gi\^ = fiid + Ck 

A 

for some constant Ck independent of A. Since ni = //i(A) — >■ — oo as A oo we get the 
assertion . □ 

Of course the statement of Lemma 5.3 holds also if we substitute gi with gi. Thus 

Proof of Theorem 1.3. We consider the sequences defined by (5.8) and = 
gi{r, 0)[cos^ 9 tpk{(^i) + sin^ ''Pk{(^2)], k >1 and observe that 

^f^^^dx = j ^''.^^ = for 
A A 

By Lemma 5.3, for any A; > 1 there exists \{k) such that Qu)^{^'') < for A > A(A;). 
Thus for A ^ — oo, the Morse index m{u\) tends to infinity. The same applies to m{u\). 

□ 
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